We reexamine how quantum density fluctuations in condensates of ultra-cold fermi gases lead to fluctuations in phonon times-of-flight, an effect that increases as density is reduced. We suggest that these effects should be measurable in pancake-like (two-dimensional) condensates on their release from their confining magnetic traps.
We reexamine how quantum density fluctuations in condensates of ultra-cold fermi gases lead to fluctuations in phonon times-of-flight, an effect that increases as density is reduced. We suggest that these effects should be measurable in pancake-like (two-dimensional) condensates on their release from their confining magnetic traps. In condensates of ultra-cold fermi gases zerotemperature quantum fluctuations disturb the sound-cone metric, leading to fluctuations in the time-of-flight (TOF) of phonons. The reason is straightforward. Whereas, for a condensate of elementary bosons, there is only a gapless mode, for bosonic condensates of fermi gases di-fermion density fluctuations act as an additional effective gapped mode which decoheres the phonon, giving the sound-cone metric a stochastic component. In a previous paper [1] we estimated the stochastic effects on phonon TOF in a typical three-dimensional static homogeneous condensate and concluded that they would be experimentally unobservable by something between one or two orders of magnitude. In particular, TOF fluctuations decrease with increasing condensate density and the density of typical condensates is too large for visible effects.
In this paper we consider the effect on TOF fluctuations as we release a condensate from its magnetic trap, with a rapid decrease in its density. We argue that the resulting TOF fluctuations may now be large enough to be measurable with current techniques. However, we differ from our previous analysis in taking our condensate to be in a highly anisotropic pancake-shaped potential [2] [3] [4] [5] [6] [7] , which permits the density profile of the effectively two-dimensional cloud to be measured in situ.
In recent years several papers have been devoted to the study of quantum/thermal fluctuations in such idealised 2D gases [8] [9] [10] . See [11] for a more general study. We derive the behavior of our idealised Fermi gas in two dimensions by the dimensional reduction of the three dimensional gas that has been the basis of our earlier work [1, [12] [13] [14] . The relevant action in 3D for describing our cold (T = 0) Fermi gas, tunable through a narrow Feshbach resonance, is due to Gurarie [15] , of the form
for fermion fields ψ (3) σ with spin label σ = (↑, ↓).
The diatomic field ϕ (3) describes the bound-state (Feshbach) resonance with tunable binding energy ν and mass M = 2m (suffices denote spatial dimension). [This is in contrast to models with direct four-fermi interactions and broad Feshbach resonances [16] [17] [18] [19] which are less amenable to analytical methods.] The condensate can be reduced to two dimensions if its thickness, say along the z axis, is tightly confined by an external trapping potential to have the size of the correlation length of the system, i.e. L z ∼ ξ. As a consequence, the fields of the system are constant along the z direction and on dimensional grounds they can be simplified as ϕ (3) 
z , where x ⊥ = (x, y). Moreover, the effective coupling g (2) in two dimensions is related to that of three dimensions by g (2) 
z . As such, the spatial integral over z can be carried out, and the resulting action has no explicit L z dependence in terms of the fields and coupling constant defined in two dimensions. From now on, we assume only two dimensions, and thus omit the subscript (2) unless stated otherwise.
Since the action (1) is quadratic in the Fermi fields, they can be integrated out to give an exact non-local
. Initially we shall take the condensate to be homogeneous and in equilibrium. The action S N L is invariant under global U (1) transformations of ϕ but the variational equation δS N L = 0 permits constant condensate solutions ϕ(x) = ϕ 0 , which break this symmetry spontaneously, determined by the gap equation
1/2 and the 2D scattering length a S is determined from the 3D scattering length and the spatial confinement length scale L z (see [20] [21] [22] [23] [24] ). The equation is UV-singular and regularization/renormalization is needed. Moreover, it is known that in two dimensions a bound state of pairs of fermi atoms exists, energy E B = 1/ma 2 S , for any coupling strength [20] , where
A finite equation for the condensate ϕ 0 for a given scattering length a S (and for the chemical potential µ) can be found by subtracting equation (3) from equation (2), giving
which can be cast as
, where ρ F is the explicit fermion density and ρ B is the molecule density (two fermions per molecule). It is sufficient to give
In (5) the dimensionless coupling constantḡ is defined by g 2 = (8π F /m)ḡ 2 and u = 1/a S k F . As expected, in the deep BCS regime u 1, |ϕ 0 | is vanishingly small with ρ with the gapless mode encoded in the phase θ. We expand in the derivatives of θ and the small fluctuations in the condensate δϕ = (|ϕ| − |ϕ 0 |) ∝ δρ B , the molecular density fluctuation, explicitly preserving Galilean invariance. The local effective action for the long-wavelength, low-frequency condensate is, in terms of θ and δ|ϕ|, of the same form as in three dimensions [1] , but with coefficients appropriate to two dimensions [12, 13] 
where
δ|φ| is a dimensionless rescaled condensate fluctuation. The scale factor is chosen so that the Galilean scalar G(θ, ) =θ + (∇θ) 2 /4m + (∇ ) 2 /4m is such that has the same coefficients as θ in its spatial derivatives [25] . D t is the comoving time derivative in the condensate with fluid velocity ∇θ/2m. The coefficients α, η, etc. are known elementary functions of the scattering length [12, 13] . See Appendix below for details in 2D. Sufficient to say that 0 ≤ α/ρ 0 increases monotonically from zero to one as we tune the gas from the deep BCS regime (1/k F a S 1) to the deep BEC regime (1/k F a S 1). On the other hand η and N 0 go from finite values to zero as we go from the BCS to BEC regimes, with η ≈ N 0 in the deep BCS regime and η ≈ N 0 /3 in the deep BEC regime (as they vanish). In contrast,M 2 falls to zero in both deep BCS and BEC regimes in a way thatM 2 /η remains finite in the deep BEC regime.
We make the hydrodynamic approximation, where the spatial and temporal variation of are ignored in comparison to whence ≈ −2αG(θ)/M 2 . The corresponding Euler-Lagrange equation for θ is the continuity equation of a single fluid [12, 13] 
with ρ = ρ 0 − (N 0 + 4α 2 /M 2 )G(θ) and v = ∇θ/2m. For long wavelengths it leads to the wave equation:
with speed of sound
In the deep BCS regime, c
F /2, as expected, and in the deep BEC regime, c s → 0 (see Appendix). More generally, there is a quantum 'rainbow' of sound speeds c k [26, 27] , according to the wavenumber k of the phonon, of the form [ 
In the large momentum limit in the BEC regime we recover [13] the free particle limit for diatoms/molecules ω = k 2 /4m = k 2 /2M . Provided that the phonons comprise a wavepacket propagating toward the detector with central momentum k 0 and width ∆k 0 , with k 0 + ∆k 0 < K, they experience approximately the same sound speed c s and have common fluctuations in times of the flight, and this we assume.
To complete the fluid picture we observe that the above definition of ρ is no more than the Bernoulli equation
where the enthalpy δh = mc 2 s δρ/ρ. The resulting equation of motion is dp/dρ = mc [12, 13] , from which the hydrodynamic behavior of the fluid can be determined.
The semiclassical results above do not take the dynamical nature of the density fluctuations into account.
Because Galilean invariance induces multiplicative noise, the coarse-graining of the phonon field by integrating out will introduce stochasticity in the acoustic metric of the θ field via its Langevin equation rather than dissipation [1] . Specifically, in the long-wavelength approximation the stochastic equation for phonon propagation now becomes
in terms of the speed of sound c s of (9) . As a result we can interpret c ξ , where c 2 ξ = c 2 s (1 − 2αξ/ρ 0 ), as a stochastic speed of sound in the long wavelength regime. As anticipated, the noise correlation function is the Hadamard function [1] for the density fluctuation field ,
with ω
. This effect can be tested by the variation in the TOF of the phonons or sound waves between a source and a detector. For a spatially homogeneous static condensate the sound wave propagates along the sound cone determined by its operatorvalued null-geodesic:
where h ij = (2α/ρ 0 )ξδ ij . If the spatial separation between the source and the detector is r, the variation of the travel time is given by
In (14) r(t) = |x| = c s t and the local velocity c s is evaluated on the unperturbed path of the waves r(t). Straightforward substitution of (12) gives
where τ = t 1 − t 2 and J 0 is the Bessel function of the first kind. (∆T ) 2 is UV-finite. The initial growth of (∆T ) 2 from zero at time zero is rapid, and when T = T s ∼ 1/ω (k=0) = 1/ M /η i.e. inversely proportional to the gap energy of the gapped (Higgs) modes, the growth halts and (∆T ) 2 saturates to its late time value (∆T ) 2 s . To find this value we assume that k, ω k c s k throughout the range of the BEC and BCS regimes and take J 0 [ck|t 1 − t 2 ] ≈ 1 (as compared with the relatively fast varying time-dependent cosine function) to give
Substituting the 2D parameters (of Appendix) into (16) we find that (∆T ) 2 s increases as 1/a S k F increases, to reach its maximum value in the BEC regime (See Fig.1 )
To be concrete, consider a cold 6 Li condensate of 3 × 10 5 atoms tuned by the narrow resonance at H 0 = 543.25G [28] . We take the number density ρ 0(3) ≈ 3 × 10 12 cm −3 . The pancake-shaped trap potential of [28] , which we adopt here, has frequencies ω x = ω y = ω ⊥ = 0.05Hz in the plane with characteristic length L ⊥0 = 480µm, and ω z = 800Hz in the vertical plane for a thickness L z0 = 1.4µm. The trap anisotropy ratio is ω z /ω bot ≈ 10 4 , allowing us to treat the system as quasi-2D dimensional. As a first approximation we ignore edge effects and concentrate on the relatively homogeneous central part of the condensate. There, the density of this quasi-2D system can be estimated from the 3D density by assuming that thickness L z is smaller than the correlation length ξ. If so, ρ 0(2) = ρ 0(3) × L z = 10 8 cm −2 for which
. In terms of the dimensionless couplingḡ, where g 6 Li at the density above corresponds tō Fig. 1 shows the behaviour of ∆T for the value of 1/a S k F = 0.5 near the crossover as determined from Eq. (15) . In the inset (bottom) to Fig. 1 we plot the saturation value of ( F ∆T ) 2 s obtained from (15) on varying 1/k F a S . The maximum travel time fluctuation occurs when 1/a S k F > 1.0 in the BEC regime that (16) provides a fairly good analytical approximation. If we tune the system to 1/a S k F = 1.0 the central momentum of the density waves is k 0 ≈ 0.02k F , determined by c s ≈ 0.02v F at 1/a S k F = 1.0 in Fig.1 . The range of wavenumber k of density perturbations is required to be k < k 0 + K for those modes having the same sound speed where K is found to be K ≥ k 0 , and with k F ≈ 1.0/µm, the width of the density fluctuations can be of order 20 µm. For c s ≈ 0.02v F ≈ 18 µm/ms, the travel time of the density waves over the condensate size L ⊥ ≈ 480µm is approximately 27ms [29] . From  Fig. 1 , the saturated value of ∆T s ≈ 1.7 −1 F ≈ 0.01ms at 1/a S k F = 1.0. Additionally, the correlation length is about ξ = 1/mc s = 100µm L z = 1.4µm so that the quasi-2D approximation can be justified. Unfortunately, the effect is not yet testable since experimentalists most easily measure the (saturated) fluctuations ∆r = c s ∆T ≈ 0.2µm in the position of the propagating wavefront. Currently, such uncertainty is well within the noise by between one and two orders of magnitude [29] . Although the details are different for a 3d condensate the results are qualitatively the same [1] .
Since the saturated value (∆T ) 2 s in (16) increases with decreasing fermion density ρ 0 , the best chance of observing fluctuations is when the cloud of atoms undergoes free expansion as the confining potentials are switched off [14, 30] spontaneously. When δh ∝ ρ in the Bernoulli equation (10) , the density takes the scaling form ρ(x, y, z, t) = 1
The continuity and Bernoulli equations (7) and (10) then reduce to [14, 30] 
For the pancake shape harmonic trap above, with frequencies ω z ω x = ω y = ω ⊥ , the equations for the scale parameters can be further simplified as
where b x = b y = b ⊥ . The solution for initial conditions b i (0) = 1,ḃ i (0) = 0 has the analytic form
From dimensional analysis, using the fact that
) if we assume that the dominant expansion is in thickness and that the expansion in the plane can be neglected, namely L ⊥ ≈ L ⊥0 .
Substituting all experimental parameters in [28] into the time-dependent scale parameter above (21) , one finds b z (T ) ≈ √ 2ω z T ≈ 135 when T is a travel time about 27ms, appropriate to the condensate. For the parameters in [28] the speed of the hydrodynamic expansion
/ms is slow in comparison to the sound speed c s ≈ 18µm/ms at 1/a S k F = 1.0 under consideration. Therefore (22) holds true for such an adiabatic expansion. Further, since L z ∝ t,
The hydrodynamic expansion will inflate the pancakeshaped condensates, making them more threedimensional. After travel time T ≈ 27ms the anisotropy ratio is about L ⊥ /L z ≈ L ⊥0 /(135L z0 ) ≈ 3, and the system can still just be considered as quasi-2D. The density reduction due to hydrodynamic expansion will enhance the uncertainty in ∆r estimated above to approximately 30∆r, say about 5 − 6µm. Although a huge improvement, this still gives a noise to signal ratio of about 2-3. However, this result concerns the trap, rather than the nature of the resonance, and a more recent experiment [6] (not for our narrow resonance in 6 Li) shows that TOF fluctuation measurements may be possible if we change the trap. We take as a guide their initial trap potential frequency in the z-direction of 5.5kHz for a thickness of about L z0 = 0.5µm. The expansion speed of the cloud of atoms after removing the trap is 16µm/ms, about the same order of the sound speed, and thus Eq. (22) barely holds. Nonetheless, taken as it stands, with this initial trap potential frequency the effect of free expansion can give the scale parameter as large as b z (T = 27ms) ≈ 1300, although the anisotropy ratio at time T now becomes L ⊥ /L z ≈ L ⊥0 /(1300L z0 ) ≈ 1.1, pushing the quasi-2D nature of the condensate to the limit. This large value of the scale parameter then leads to an enhancement of about 140∆r, giving TOF fluctuations of order of 30µm, larger than the errors of sound speed measurement in [29] with a noise to signal ratio of about 0.5, rendering the fluctuations observable.
It is clear that there are many caveats with our modelling; an idealised model, in which we only retain quadratic fluctuations about the mean field and an idealised expansion of the condensate in which we ignore edge effects and have difficulty in maintaining twodimensionality. Nonetheless, even at what we would hope to be somewhat better than an order of magnitude level we see that within currently accessible experimental parameters [6] two orders of magnitude enhancement on TOF fluctuations can possibly be achieved, and therefore make intrinsically quantum mechanical TOF fluctuations measurable [29] .
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